The stability of the static domain wall reported by Atkin and Stewart for an infinite sample of concentric, cylindrical layers of smectic C liquid crystals arranged with a fixed inner radius a > 0 is considered. A criterion is derived as a test for stability. Various estimates on the relative magnitudes of the smectic elastic constants lead to physically meaningful stability results. The occurrence of such a wall indicates the relative magnitudes of the combinations of constants A 12 − A 21 and A 12 + A 21 + 2A 11 and, in a special case, can indicate when A 12 ≈ A 21 .
Introduction
Liquid crystals consist of elongated rigid molecules for which the long molecular axes locally adopt a preferred direction described by the unit vector n, called the director. Smectic C liquid crystals are layered structures for which the director n makes an angle θ with respect to the layer normal. The smectic tilt angle θ is here taken to be constant and the layers are assumed to be equidistant. To describe a smectic C liquid crystal de Gennes introduced a unit layer normal a and a unit vector c, which is the unit orthogonal projection of n onto the smectic layers (1) . The orientation of n can clearly be deduced from the orientation angle φ of c measured within the smectic planes (see Fig. 1a ). A continuum theory using these ideas has been proposed by Leslie et al. (2, 3) and is the basis for the equations used in this article. For a more detailed description of liquid crystals, see (1) .
Here we consider the stability of the static solution displaying a domain wall reported by Atkin and Stewart (4) for an infinite sample of concentric, cylindrical layers of smectic C liquid crystals arranged with a fixed inner radius a > 0, as shown in Fig. 1b . It is convenient to introduce the cylindrical polar coordinate system (r, α, z) with base vectorsr,α,ẑ; r measures the radial distance andr coincides with the layer normal a. The z-axis is coincident with the common axis of the cylinders and α is the usual polar angle. In the geometry of Fig. 1 we seek solutions for the orientation angle φ = φ(r ) of the c-director, where a =r, c =α sin φ +ẑ cos φ and the director n is given by n = a cos θ + c sin θ =r cos θ +α sin θ sin φ +ẑ sin θ cos φ.
As outlined in (4) , for this solution the bulk energy, w b , is The average molecular alignment is prescribed by a unit vector n making an angle θ with the layer normal a as shown in (a). The c-director is the unit vector parallel to the orthogonal projection of the n-director onto the smectic planes and is denoted by c. The z axis is taken to coincide with the vertical axis of the concentric cylinders with inner radius a shown in (b). Locally, the arrangement of the equidistant cylindrical layers is as depicted in (a) where the layer normal a coincides with the radial directionr. The orientation angle of c within the smectic planes is denoted by φ
The elastic constants A 11 , A 12 , A 21 and B 3 , are related to those introduced by the Orsay Group (5), the slight difference being that here
. The physical interpretation of these constants can be found in (6) . The first bracket of terms in (1) is connected with the bending of the layers and B 3 is associated with a reorientation of the director within the layers as an observer travels from layer to layer. It is known from the results in (6, 7) that, among other related inequalities,
In the absence of fields the governing equilibrium equation derived from the aforementioned continuum theory is (Atkin and Stewart (7, equation 72))
By further setting
equation (3) may be rewritten in the form
From (2) it follows that B > 0 while the sign of A is indeterminate. Constant solutions of (5) are ψ = 0, π or
These solutions have been discussed by Carlsson et al. (6) who deduce that when |A| < 2B the solution ψ = ψ 0 is the stable constant equilibrium angle in the sense that it gives the least value of For the case of an inner cylinder r = a on which a strong anchoring boundary condition is imposed which conflicts with the angle ψ 0 , it is necessary to consider variable solutions. A solution ψ = ψ(r ) of (5) which satisfies the conditions
and displays a domain wall is (4)
This is the same type of solution which arose in the work by Schiller et al. (8) on a static domain wall in a planar aligned sample of non-chiral smectic C under the influence of an electric field. This is discussed further in section 5. For later reference we note that
The solution (7) is physically feasible since it is expected that there may be a 'winding out' of the director across the cylindrical layers as an observer travels outwards from the inner radius. This type of alignment is known to be related to the elastic constant B 3 (6) which appears in the definitions of A and B. The A i constants appearing in A and B are related to the bending of the smectic layers and occur because of the presence of the cylindrical arrangement. This article concerns the stability of the solution ψ(r ), a r < ∞. Standard minimum energy arguments for finite samples are therefore inapplicable and so a novel stability criterion is established in section 2. Sufficient conditions for this criterion to be satisfied are then considered. As different techniques are needed, it is convenient to separate the cases A = 0 and A = 0. The main results for these cases are derived in sections 3 and 4, respectively. In section 5 the article concludes with a discussion of the results and the implications for measuring the elastic constants, or their relative magnitudes, using the angle ψ 0 .
A stability criterion
In this section we derive a stability criterion ((27) below) which will be exploited in subsequent sections when discussing conditions for ensuring stability. The approach adopted here allows consideration of solutions over the full semi-infinite domain: other approaches often look at 'cutoff' domains for energy comparisons. As is customary when considering the stability of static solutions, we include dependence upon time and consider φ = φ(r, t) leading to the addition of a dynamic term to (3). This term can be derived from the continuum theory in (2) by a method which is analogous to that deployed by Kedney and Stewart (9) when considering α-dependent solutions to a cylindrical wedge problem. From the analogue of (9, equation 17) the contribution −2λ 5 r 2 ∂φ/∂t has to be included in the left-hand side of (3), where λ 5 > 0 is the rotational viscosity of the director n around a fictitious 'cone'. In common with most work on domain walls in liquid crystals, flow of the liquid crystal will be ignored. Flow, especially back flow, is often only incorporated when modelling switching phenomena relevant to liquid crystal devices. Rescaling time by setting t = t B 3 /(2λ 5 ) and dropping the dash notation for convenience results in the dynamic equation
The static solution ψ(r ) given by (7) clearly satisfies (9) . Now consider the time-dependent perturbation (r, t), where
Substituting (10) into (9) leads to the linearized governing perturbation equation
where
noting that r a > 0. To prove stability we seek solutions of the form
On substituting (13), equation (11) reduces to the eigenvalue problem
and solutions will be stable whenever Re(λ) 0. To simplify the investigation of (14), we set (r ) = r −1/2 v(r ) and assume that the perturbations are such that
By definition, this means that the perturbation vanishes in the neighbourhood of both boundaries with v(a) = v(∞) = 0, although the original solution ψ need not necessarily equate to zero at the boundaries. Equation (14) is then replaced by
For notational convenience we now introduce ρ = r − a, so that 0 ρ < ∞. Equation (16) can be written as
with
Equation (17) is self-adjoint and therefore its eigenvalues must be real. Moreover, multiplying (17) by v(ρ), integrating by parts over 0 ρ < ∞ and applying the boundary conditions in (15) (with
It is now clear that λ 0 if the right-hand side of (19) is non-negative.
Since v(ρ) ∈ C ∞ 0 (0, ∞) we can apply the Hardy inequality (10)
The Hardy inequality is frequently used in spectral analysis (11) . From (20) it follows that λ 0 and the solution (7) is stable provided the integral on the right-hand side of (20) is non-negative. A sufficient condition for this to be the case is that
for all ρ 0 and all a > 0. That there must be restrictions on the constants A and B for this to be true is seen by considering the special values
in which case it can be verified directly, using (6), (7), (12) and (18), that ρ 2 q(ρ) + 1 4 ≈ −6·296 × 10 −4 < 0 for any a > 0.
An alternative condition to (21), which is useful later, is obtained by introducing
from (7). Using (8) to eliminate ψ 0 this can be written as
Since (12) and (18) gives
the general form on the right-hand side of (26) being chosen for later ease of estimates. The problem is now reduced to finding sufficient conditions which ensure that
In this article fulfilment of the inequality (27) provides the main test for stability. From the physical point of view it is expected that the A i and B i constants are probably comparable to the Frank elastic constants in the nematic phase (1, p. 346). If the A i are of a similar magnitude the condition A = 0, corresponding to A 12 = A 21 , is a physically relevant case to consider. The next section looks at stability for the case A = 0 and then section 4 considers values of A = 0; restrictions on A have to be imposed in this case.
Stability for A = 0
Putting A = 0 into (23) and (24) gives
where N is defined by N = 2 √ 2B > 0. Since a > 0 is a given fixed positive number we can rescale ρ as
Inserting (28) and (29) into n(ρ) given by (26) shows that
The non-negativity of n(ρ) is therefore further reduced to showing the non-negativity of n 1 (m, N ) for all m 0; both forms for n 1 in (31) and (32) will be used in the arguments which follow. Since
It therefore only remains to consider the case for 0 m < (3
This inequality cannot be true for all m and N in the range under consideration: for example, the values m = 59 and N = 1 4 do not satisfy (34); in fact, n 1 < 0 for these values. It is therefore expected that a restriction on the magnitudes of N and/or m will have to be made.
It will now be shown that the inequality (34) holds whenever 0 m 50·6 and N 0.
Let 
The domain wall ψ(r ) is therefore stable for A = 0 and B 1 40 . The lower bound on B can be slightly improved by using a numerical approach. However, the example in (22) shows that the lower bound cannot be decreased below 
Stability for A = 0 Establishing conditions to ensure that n(ρ)
0 is very much more intricate for A = 0 and we proceed by taking estimates. Set
It can be verified that for T given by (23)
provided β 1 which, using (24), gives
Henceforth it is assumed that B 1 2 so that the estimate (39) can be used and the restriction (40) assumed in all cases. (Note that B = 1 2 implies that A = 0, the case discussed above.) This assumption, which is more restrictive than |A| < 2B, is physically relevant since it implies, using (4) 3 , that
This is an acceptable estimate if the A i 'layer' constants dominate the B 3 constant. The combination of constants on the right-hand side of (41) frequently occurs in the smectic-C literature (see (2) 2 ). We first consider the case for A 0 and then try similar estimates for A 0. The main result of this section is (58) below. Since |A| 2B, it is convenient to rescale A by setting
Inserting (29) and (42) into (26) gives
We now apply estimates to (43) for the cases A 0 and A 0.
Case (i):
A 0. For A 0 it is seen from (23), (29), (39) and (42) with 0 k 1, that
Therefore 0 1 − T 2 1 − T 2 1 which forces
Applying (44) and (45) to (43) yields
Considering the signs of the m 2 and m 3 terms in (46) when 0 k 1 for small m > 0 the right-hand side of this inequality could be negative when B is sufficiently large and therefore we can expect to have to make restrictions on the magnitude of B; for example, if B = 
To show the positivity of n 2 we begin by assuming that m 2, the number 2 being chosen for arithmetic convenience in the calculations. From (46) the coefficients of m 6 and m 5 are always non-negative. For m 2
noting that the coefficient of m 4 in the second inequality above is strictly positive for 0 k 1. For 0 m < 2 estimates become difficult. Nevertheless, since it only remains to demonstrate positivity for the finite ranges 0 k 1, 0 m < 2, a plot of n 2 (m, k) as a surface over this range of parameters will suffice; the upper surface in Fig. 4a shows that n 2 (m, k) Therefore by (47)
and solutions are therefore stable by the stability criterion of (27) for the above indicated ranges of parameters. The upper bound for B can be extended to 1 since for 3 4 B 1, the above argument can be amended. In this case 
indicating that the stability criterion (27) holds for these parameter ranges.
Case (ii): A 0. For A 0 it can also be assumed that (40) holds and it is clear from (23) that T 2 > 1 when ρ is sufficiently large in which case the estimates used in (44) onwards cannot always be applied. First assume that
This is less restrictive than (40) for 1 2 B 1, and, is equivalent to −2 −1/2 k 0. For this range of k, using (42) it can be shown that
so that T 2 3 + √ 8, and so there exists a value ρ(a) such that
(The dependence of ρ on a will later be shown to be of no consequence.) In this case A(1− T 4 ) 0 since A < 0 and so from (26) and (52) n(ρ) −8Bρ
Hence n(ρ) 0 when ρ is sufficiently large for T 2 > 1. It now only remains to consider the case for 0 T 2 1. In this case (43) holds and the previous estimates (44) to (46) 
Again, for m 2 and −2 −1/2 k 0 it can be shown that n 3 (m, k) > 0. For −2 −1/2 k 0 with 0 m < 2 a plot of n 3 (m, k) is given as the upper surface in Fig. 4b , showing its positivity. Actually, it is only required that n 3 > 0 holds for m ρ(a)/a which could be any positive number, but, as mentioned above, the restriction for ρ ρ(a) is inconsequential to this positivity result since it holds for all m 2. Notice also from (40) and (51) that for 1 2 B 1, we require
Hence in conjunction with Fig. 4b and (53) n(ρ) 0 for ρ 0, A 0.
As in the case when A 0, the above argument can be extended for 3 4 B 1 in which case, from (46), n 3 in (54) is replaced by
Again it can be shown that n 3 (m, k) > 0 for m 2 and −2 −1/2 k 0 and its positivity for 0 m < 2 follows from Fig. 4b , where the plot of n 3 is given by the shaded lower surface. The result in (56) can now be extended to
It now follows from (50) and (57) that
and therefore the stability criterion (27) is satisfied for these ranges of A and B. In summary, the domain wall is stable whenever A and B satisfy the conditions given in (58).
Discussion
It has been shown that the domain wall solution (7) is certainly stable whenever 
These results arise from exploiting a stability criterion, fulfilment of which guarantees the stability of such a domain wall: this criterion is a verification that the quantity n(ρ) defined in (26) is nonnegative. As mentioned in section 2, A = 0 corresponds to A 12 = A 21 and so the conditions (59) ensure stability for B 
The right-hand side of the inequality (61) is always positive and is an acceptable estimate if the A i layer constants dominate the B 3 constant. The example in (22) shows that the lower bound on B cannot be extended to zero using the stability methods employed here. When |A| = 0 the conditions (60) ensure stability provided |A| is within the stated bound and 1 2 B 1. This latter condition on B is more restrictive than that in (59) due to the estimate (39) used for determining the positivity of n(ρ). This restriction on B implies that
Physical measurements of all the A i constants have at present not been made and therefore the applicability of the inequalities in (62) is not currently known. Nonetheless, the key result is that there is in general, with some basic restrictions such as (61) or (62), stability for the domain wall solution (7) . This incorporates the physically relevant case when A 12 ≈ A 21 . The techniques employed in this article may be refined further for the case A = 0 using more accurate, but more complicated, estimates for T in (39) and it is expected that some improvements to the above stability results can be made. The conditions (59) and (60) place restrictions on the values of ψ 0 covered by the stability analysis. In the case when A = 0, ψ 0 = π/2; this value also arises when B = 
Introducing an angle
so that
From the experimental point of view the static domain wall (7) must have the features displayed in Fig. 2 if it occurs. The observation of such a wall would lead to the measurement of the angle ψ 0 (defined in (6)) which would be present at the free boundary of a large sample, relative to the orientation of the wall at the surface of the cylinder (recall that the original orientation angle for c is φ = ψ/2). From this measurement it can be derived from (6) that A = 2B cos ψ 0 so that 
For example, if ψ 0 ≈ π/2, that is, there is a π/4 domain wall in φ, then A 12 ≈ A 21 since the right-hand side of (65) must then be close to zero and therefore the stability results derived here are applicable.
An application of suitable electric or magnetic fields would also cause the main twist region of the wall to 'move' either towards or away from the central inner boundary. This would alter the observed value of ψ 0 (which itself would depend upon the magnitude of the field terms) allowing further measurements of the smectic elastic constants. The stability of such solutions is likely to be more complex than that presented here and work on these problems by the authors is currently in progress. It should also be mentioned that experiments on novel cylindrical alignments of smectic A and smectic C liquid crystals are currently in progress by A. Jakli (private communication), partly motivated by recent theoretical work by one of the authors (12) on cylindrical domains of smectic A. The outcome of these experiments will be of direct relevance to the theoretical work presented here.
The inequality |A| < 2B, which has been extensively used in this article, is equivalent to the restrictions A 12 + A 11 > 0 and A 21 + A 11 > 0, as stated in section 1. If these inequalities are not satisfied then other solutions of (5) are possible. In particular, when φ is zero on both boundaries of a radially finite sample of cylindrical layers and A 21 + A 11 > 0 with A 12 + A 11 < 0, there is always a non-zero static solution in the absence of fields which is energetically favourable when the ratio of the outer boundary to the inner boundary radius is sufficiently large. Full details of this situation, and possible Freedericksz transitions when a magnetic field is applied, are given in (7, section 6), an article by the authors.
